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Abstract Using the recoupling theorem and graph calculation in loop quantum gravity, it
is demonstrated that the action of metric matrix operator on Gaussian weave state is an
eigenaction, the representation matrix elements of the metric operator and their expectation
values are calculated. The values of length of tangent vectors of edges adjacent to the vertex
of Gaussian weave state, as well as the angles between them are also obtained in the cases
of k=0and k =2.

Keywords Gaussian weave - Metric matrix operator - Expectation value matrix of metric
operator - Action of volume operator - Spin-geometry

As we know, it is a very important physical result in loop quantum gravity, that the spectra
of geometrical operators, such as the operators of area of surface and of volume of region
in space X, are purely discrete [1]. Weave states which are eigenstates of the geometrical
operators, may be used to approximate smooth flat space at large scales [2]. At the kine-
matical level, the first attempt in this direction were given via a quantum operator Q in [3].
However, it was known that the operator Q does not capture more information than the area
and volume operators. Some authors consider a basic building graph of a weave that the
graph is made of two non-coplanar circles with same radius respect to a flat metric, which
intersect in a single vertex. The basic graphs of circles are randomly distributed in finite
region R C X with average density p measured with the flat metric. Then, the weave can be
fully determined, and the approximation scale may be calculated [4].
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Recently, Gaussian weave is studied in some works. Gaussian weave state in R is given
by [5] W =[],x Wy; for each vertex v contributed from the basic graphs, the weave state
is framed by

o0
W, =Y Cp¥r, = Nexp(—2*(¥1 —2)%),

p=0
where N, A are normalization factor and Gaussian parameter, and v, is known as basis
of W,. In this paper, we shall give some calculations about Gaussian weave state. If we
want to approximate a flat space with Gaussian weave, because each vertex v € R could be
overlapped by infinite number of vertices of w,’,s, the spin-geometry [6-8] of spin network
shall give us useful help to determine the configuration of the weave state W,, which may be
used to investigate the weaving of space.

In the paper using the recoupling theorem and graph calculation, we shall prove that the
action of metric operator on the Gauss weave state 1, is an eigenaction, and the representa-
tion matrix elements of the operator tare given, in Sects. 1 and 2. Sections 36 first introduce
a generic recoupling matrix, then calculate the ones we shall use. The expectation values of
volume operator and the metric operator are calculated in Sects. 7-9. In the final section,
values of length of tangent vectors at the vertex v of basis state ¥, and the angles between
them are obtained.

1 The Eigenactions of Metric Matrix Diagonal Component Operators M (Sqs S¢) ON
Vertex ¢

Denote the basis state v/, and its vertex v as

p p p p

and Ni(p) ] =¢i(p, P, P, P)s

k

where Ni(p) = Ni(p, p, p, p) is the normalization factor of its associated vertex. Our spin-
geometry calculations for Gaussian weave begin with the operations on the graph of ver-
tex ¢. The metric operator that acts on ¢ is given by

~ 1 ~. ~
M(Sa,sﬁ)(v)z§[®L(U)®’ﬁ(v)+a<—>ﬂ], (D
where
. 4 s
O, ()= ﬁtr(r‘htha ), 2)

and holonomy h, = hy,, S, is a segment that endpoint is at vertex v; t' is the generator of
su(2); V is the volume operator used in loop quantum gravity.

1.1 The Eigenaction of Operator M (s0, So) on ¢y

First, we compute the action of holonomy 4, ! on the 4-valent vertex ¢y (p, p, p, p), that is

p p p p

h61¢k(p,p,p,p)=Nk(p)1@) (@) |(e) J(e)
K
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p p p p
1 ptq
= Ne(P) Y vy (P) t'__‘_u , 3)
il p k
q
1
where y.(p) =1,y_(p) = _%' Define the action of the volume operator V on the last
graph of expression (3) as
ptq p p P
Vhy'de=Ne(p) Y A O O ) @)

g==*1 p k
and dealing with the free edge whose color 1 is denoted by 1in the graph of expression (4)

that the volume operator V does not operate to it, then in (4), the action of the operator V
on the 5-valent vertex ¢, may be written as [9]

Vo= _ Viidu, (5a)
s,t

this is
ptq p p p

Npk(i»P‘F‘IaPaPaP)VA
=%

=Y Nu(l,p+4q.p.p. P)Vyi, : (Sb)
5.t 1

So expression (4) becomes

Vhy'de=) Zn,(p)Nk(p)(

st
NV
g==%1 s, Npk

)(T,p+q,p,p,p) pra

(6)

For the operation of T/ /g on the last graph in (6), we have

P p p P
1
el
St
P
1 P P P P
6 ptq
S 1 2 .
&>
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Introducing the above result into (2), we have

Ofpe = - hk > Zm,(p)Nk(p)(

g==%1 s,

)(1 p+4q.p,p.p)

ptq
X S . @]

Exerting the operation of (:)f) on the expression (7) again, and putting obtained result into
(1), one has

M (s0, 50) i = (W Y3y quw)yg(s)( )( )

g==*1 s,f g=%1 m

N”V” ~ pmVs[;m 1
X (L p+gq,p.p,p) N (Lls+gl,p,p,p)
st

s+gl

1
ptq
s 1
s>

where

P p p p p p P P P p P P
Qs _1gls _166.2.p)
Q) 7 2 A, ’
p m V4 m m

Finally, the eigenaction of the metric component operator M (so, 5o) on the state ¢ is given

M (50, 50) i = Z M (50, 50) (pykm®m» (8a)

)(p)

where the matrix elements of the metric component is

M (50, 50) pyem = (W DD vl (s><

g=£1 s.t g=+1
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Na Vi \ » NpnVi™ \ 4
x (—N z )(1,p+q,p,p,p)<#>(l,|s+g|,P’P’P)

Pk Ny
Tet[; P P;q}m[l; ; 'S;g'}
AL0(p,2,s) (8)
1.2 The Eigenactions of Other Diagonal Component Operators on ¢y
Similarly, the action of holonomy hfl on the vertex ¢y (p, p, p, p) is
p P P P p P P P

(el) (ez) (63) 1
=Ne(p) Y %(p) 1;*“’

g==%1

hy ¢ (p. p. p. p) = Ni(p)

In order to operate the volume operator V on the above expression, by using of the recou-
pling theorem [10], the last graph in the expression need to become the following form:

©

The action of other factors in (:)’1 on the expression (9) is different from the action exerted
from (:)6 that, in the final result need to consider a 6- j symbol which shall appear in the com-

putation about the 5-valent vertex (T, p+4q, p, p, p), hence, the action given by M (s1, 1)
on ¢ is

M sy, 51) ¢ = ZM(Slssl)(p)k1n¢mv

here the matrix elements

8 N,
M1, 1) i = iR DI yq(p)ygm(N—;)(p)

qg==x1 5,1 g=%1

p p 1 NnV;Z> - )
X T 15 + s Py P
<Xl:{p » k}( N, JAptarpp

pm
< N pm th
x | —

st

)(i,|s+gl,p,p,p)

112 112
A,0(s.2, p)

Tet[s p p+q]Tet[p s |s+g|]

(10)
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Similarly, the actions of operators M (s2, 52) and M (s3, $3) on vertex ¢y can be obtained:

M(527 S2)¢k = Z M(Sz, SZ)(p)kn1¢nu

here

8 N,
M (s2, $2) (pykm = ~ 2 Z Z Z Vq(P)Vg(S)<N—:>(P)

g==%1 st g=+1

p p I P D l}(stV;lt)A )
X il —=— ), p+4q,p,p,
(;{p ) k};{p p v\, )dptappp)

% ( N pm Vr[t)m

1, D\ Ds
N, )( Is +gl. p, p, P)

Tet[s p p+q]Tet[p s |s+gl]

1 1 2 1 1 2
(1)
AL0(s,2, p)
and
M (s3, 53)i = Z M (3, 53) (p)km®m>
here

8 N
M(S3, S3)(p)km = —W q:Zil ;gzzil yq(p)yg(s)<N_:l>(p)

SO A > F Dol (A

G 1

NSf V[il[ ~ Npm Vslt)m 2
“\ N Lp+q.p.p.p) )| —— ), Is+gl. p,.p. P)

pl N:t
s p ptgq p s Is+gl
Tet|:1 1 2 :|Tet|:1 1 2 :|
(12)
AL6(s,2, p)

2 The Eigenactions of Metric Matrix Off-Diagonal Component Operators M (Sas S8)
on Vertex ¢y

For the operation of operator M (Sa» 8g) (o0 # B) on the vertex ¢, because the two actions are
exerted on different edges, the computation has some difference from that given in Sect. 1.
For example, for the action of operator M (so, $1) on 4-valent vertex ¢y, the action of C:)f) on
¢ is same as the computation given by expression (7), whoever, the operation of C:)f) on (7)
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is different from above. For this reason, let
Fl, =

st

then one has the operation

—1pi 1
hl Evt_ ‘

+
> vep) >1 A0¢

g==+1 p

;
= > %(p) Z{; Z j}1 pte 2

g==l1 r

After the action of volume operator V on the above expression, it becomes

O 1,—1 i r vaprm ~
VhfF;;ZZZ)@(P)(Z{g Z t}(”[\/—p>(l,p+g,p,p,p)>
; pr

m g=+1

p p p p

x P78 : (13)

In the r.h.s. of (13), the last graph under the action of T/, shall be changed as

rh11[+g ?ﬁ O

m p m

[\ |

p p p4gl? P PP
Tet|:1 1 2 :| "
B 0(p.2, p) '
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From (13, 14), and after rearrangement, we have

pt

A oA tV} A~
O\ Oy = (hk)2 > ZZZVq(p)n(p)( )( )( . k’k>(1,p+q,p,p,p)
[7

=tlg=%l t m

X(Z{p P r}<w>(i p+g.p.p p))
- p p [ Npr 9 9 9 9

p p ptq p p ptg
Tet|:1 1 > }Tet[l 1 ) ]

0(p,2,p)o(p,2,p)

The result of action of (:)f)(:)i1 on ¢ can be similarly computed, it is

OO ¢y = (hk)2 DY v ovep)

g==x1g=%x1 1 m

1
x| — I,p+gq,p,p,
(Nm)(p)(;{p bk N,,, (.p+q.p.p.p)
17
p p U p p l’} {p p l}<NﬂmV )
X " / -
(;{p p t};{p p I Xl: p pr ! Ny

p P p+q]Tet[p p p+g]

)Tet[ 12 12

0(p,2, p)o(p,2, p)

Taking the above expression and (15) into (1), the result is

o (15)

x (1, p+g, p,p,p) G-

M (s0, 1) = Y M(50, 1) (ppiom®m»

m

where the matrix elements

M (50, 1) (p)km

pt

Np VI -
E E Eyq(p)yg(p)< )(p){(—N >(1,p+q,p,p,p)
pk

g=*xlg==%1 ¢

X<Z b r}<w>(ip+gppp)>
pop ot Ny
1) (NaVIN -
“‘(Z Z Z k}( N (1,p+q,p,p,p)>

pl
pm
p P l”} {p p l/} {p P l}(N[’mVpl>
X /" / —
<Zp t;ppl;ppl Ny
pp p+q]Tet[p p p+g}

. Tet[l 12 112
x(,p+tg p,p.p) 02 )0 (p. 2. p)

(hk)2

<

(16)
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For the eigenactions of M (so, $2) and M (50, $3), the similar computations shall give the
following results:

M (50, 52) ¢ = Z M (s0, 52) (pykm®m»

where

M (s, Sz)(p)km

(hk)z >N qu(p)ms)(
g=*xlg==+1 ¢
NpVEN «

X {(N—k>(1,p+q,p,p,p)

NowVor' \ 3 I !
Non Vi >(1,p+g,p,p,p>)+(z{g N I
1

N, pl p p U p p !

(p)

\_/

X

Tet[p p p+q]Tet[p p p+g}
Nom p, . 11 2 11 2
X (Lp+g,p,p,p) 0. 2. 7)0(p. 2. p)
17
and
M (50, 53) ¢ = Z M (s0, 53) (pykm®m»
where

M (so, S3)(p)km

NpVoi\
(hk)z > qu(p)n(p)< )(p){<N—Pk>(1’p+"”” P, p)

g=*x1g==+1 1t

"

p p 1 p pr p pr
X /
(Z,{P P ,};{p P r/}Z{p p r/}
prm
b )(1p+gppp)>

(M
+(2 {,, I Y
(v

X

14

X

)(1 r+4q,p,p, p))
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pop L) (NewVa
X<ZI:{" » [}( N, )(1p+gppp)>}

p P ptq p P ptg
Tet[1 1 > ]Tet[l 1 ) ]

0(p,2, p)o(p,2,p)

(18)

The action of operators M (s1, 82), M (s1, s3) and M (s2, s3) on the vertex ¢, may be also
calculated by using the similar operations as above, we shall give the results of them directly:

M (s1, 92) ¢ = Z M (s, 52) (pykm®m»
m

where

M(S|,S2)(p>km

- (hk)2 22 ZVq(p)yg(p)( )(p)

g=*x1g==+1 1t

pop L] (NeVa ppr
X{(Z{P P k}< Ny )(1p+qppp)>(2{l7 P f}
Now V" + I I
ot )(1,p+g,p,p,p)>+<2[§ i k}z{llj Z 1/}
1

(5 ,,
(%,

)(1p+qppp)>(2li i lt’ (2 i ll/}

1"

X

A

pm
p o <N,,mvp, )

— (1’p+g3p3pap)
p l/} Npl

2

=

p p prtgq p p ptg
[1 12 ]Tet[l 1 2]
(19)
0(p,2, p)0(p,2, p)
and
M (s, 53) ¢ = ZM(Sl,Sa)(p)km¢m,
where

M (s, Sz)(p)km

(hk)z Z Z qu(q)%g(p)( )(p)

g=*1g=%£1 1t

FHC S
XKXI::” » k}( N, d,p+q,p.p. p)
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03 A ¥ [ e e
p p o b P .P+8&Dp.pp
p p l/ p l//
+(Z{P p k},Z,{p p }2,:{19 p l”}
N, VI .
X (;—;’)(Lﬁq,p, P p))
/ NpuVI"
p pr p pr
X(Z{p » I}Z{p » r’}<—N,,Z >(1p+gppp)>}

Tet[p p p+q]Tet[p p p+g]

A

1 1 2 1 1 2
X (20)
8(p,2, p)o(p,2, p)
and
M (52, 53)x = Z M (52, 53) (pyim Pm »
where

M(ss, S3)(p)km

(hk)z Z Z ZJ’q(P)Vg(p)< )(p)

g=*x1g==+1 ¢

AL 52l 5 HCRE ) reann)

Z{Z i }( = pprm)(l P+gppp)>
dzt sz s

N, VN .
X< ! ”l)(l,p+q,p,p,p)>

N
e e,
ASTS|
ST

3 A I > [

N mVnrpm .
%)(L p+8 D, p, p))}

pr

x ) 1)
0(p,2, p)o(p,2, p)
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3 Expression of Generic Recoupling Matrix for Volume Operator

The action of operator V on 5-valent vertex ¢pi 1s operated with (5), the volume matrix
elements V[j,i in (5b) are given by

3
o (k)3
o = 7 Zw[s;],qpk, (22)
[IJK]

where Wf,’ K], ATe the recoupling matrix elements. For the calculation of the recoupling
matrices, we here first introduce a generic formula used to any-valent vertex calculation [9]:

k kK kK+l
P, P P,

k,
-~ J
Wik :N7N;P,PJPK-p0< /JP/ /P./ /PK )Pn1
' i i, ) L iy g,

J+1

= N?N;PI Py Pra;a;;aiiy

= NﬁN;PIPJPKaiaiiaiiiaiu (23)

—

where N, N? are normalization factors, i =iy, ..., in—2, k=ko, ..., kn—s. 0, 0ji, Uiii, Uiy
1
are given as follows:

, o Tet |:k1+1 141 11:|
i 0 ) i —~ 0 .x7 x .v 2
o = )2 <1—[ 5@) (po, p1.i2) (l_[ (ix, px.1, +1)> Pr DI R

ki b Ai A Okrs1viren,2)

x=2 x=2 241

j—1 Tet |: .kx k"f-H 2 :|
Ix+1 Ix Px

u= j ’ 25)
Xﬂl Okysrsiver,2)
: kx kx+l 2
)L;(,;z K—1 Tet[i)chl i Px]
o= | 1l =S| 26)
Ak1+1 x=J+1 o Lo
ik kk ik+1:|
n—2 n—3 . . . Tet
) A, A 0 (ki ix. 2)
x=K+1 x=K+1 X "
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4 Recoupling Matrices Used to the Calculation of Generic 5-Valent Vertex

In the paper the volume operator V shall be operated only on 5-valent vertex, and the little
edge whose color is 1 in the vertex does not be visited by V, so the volume operator 1%
has mere four hand triples to grasping the edges of the generic 5-valent vertex, that is, the
triples “123”, “124”, “134” and “234”. Below we shall compute the recoupling matrices
corresponding to the four hand triples.

4.1 Wiy
In this case, since I =1, J =2, K =3, the grasping graph in expression (23) becomes
Lod )
: S , (28)
2 2 2

and o = o = 1, ?z i1in, ;: kik>. So from (23) we have
R ky p» ks
W[Il(zs]A = N?N?Pl PyPsajaiy {2 p2 i3 ¢, 29)
i 2 2 2
where
l_[3—2 Ak
Né(po,...,p4)= 1= = 5 (30)
k Hi:lo(kx’px’kxﬂ)
’;
S AL
N-(po,....ps) = | =5 n"iz —, 31)
! \ Hx:l e(lxs Px» lx+1)
Tet|:§2 ;2 121:| Tet|:§2 ;2 121]
= —)»i22 1 1 —_ 1 1 )\‘;22, 32
TR T g0, 2. k) 022, k) 32
Tet |: is ks i4]
ps p3 2
W= 33
¢ 6(ks, 2, 15) 53
Introducing (30-33) into (29), the recoupling matrix for the triple [123] is got:
W; _ Aiz Aig Akz Ak3
U232 7\ 0Gir, pr,i2)0(izs pa,i3)0(is, p3, ia)0 ki, p1, k2)O (K2, pa, k3)0 (ks, p3, k)
k2 i2 i] i3 k3 i4
Tet Tet
(= D)AR [Pl D1 2] |:P3 p3 2 ];2 p2 ]:3
s e Ty LG
(34)

where il :kl = Do, i4 = k4 = P4.
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4.2 W[’,‘M]?
For this case, I =1, J =2, K =4, the grasping graph of hand triple is
1a>L p}+ ;;+ P 121

Ll )2

Since o;; = o, = 1, the recoupling matrix for the hand triple [124] becomes

_ ky p» ks
W[]f24]A = NTN;PI PyPyojoiiy i p2 i3 g, (35)
i 2 2 2

where

Wl b 4]
Pt pi 2

== (A, 36
* 602 k) k) (56
5142 Tet |:k3 ]?4 2 ] Tet |:k3 1?4 2 :|
_—— s i3 p3| s 13 p3|—1 37)
Yo 02 02 A

Putting (30), (31), (36) and (37) into (35), we have

% Aiz Ai% Akz Aks
Why =/ — 02 :
1241 0@y, p1,i2)0(i2, p2,i3)0(i3, p3,14)0 (k1, p1, k2)O(k2, p2, k3)0 (k3, p3, ka)

k2 i2 il k3 k4 2
§ Tet Tet | . .
xﬂpl’l’ e|:p1 P1 2] e[h‘ P ];2 ﬁz ];3
)\;{332 1P2P4 0(is. 2. k2) 0(ks,i3,2) 22 22 5

(38)

p %
4.3 W[234]% and W[134]%

Through similar calculations, their results may be obtained. For simplicity we directly give
the results:

% AizAiz Aszk%
Whiy =2 :
(234 0(i1, p1,i2)0(i2, p2,13)0(i3, p3,14)0(k1, p1, k2)0(k2, p2, k3)0 (k3, p3, ka)
ks i3 iz]
. Tet] :
&, 0(Po, p1,12) |:1?2 py 2 ].(3 ps ]?4 is2
X D23 Paf; - i3 p3 da ¢ (=DAg, (39
2 Aiz G(k% 13, 2) 2 2 2 N
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and
W; _ AizAi3Ak2Ak3
U457V (i, pr, i2)0(i2, pa, i3)0 (i3, P, ia)0 ki, pr, k2)0 (ka, pa, k3)0 (K3, ps3, ks)
k i ky, k 2
Tet[2 2 Z]Tt[z 2 ] ks py ks
in2 P P i3 I P2 . .
x p1p3pa(—DA - - i3 p3 s

0(i2, 2, k>) 0(ks, i3,2) 2 2 2
(40)

5 Recoupling Matrix Elements for 5-Valent Vertex (i, 2,1,1,1)

In this paper we shall give the calculations about Gaussian weave state of p = 1,
at present we compute the case of k =0 (if p = 1, only have k = 0,2), so the 5-
valent vertices (1 p+gq,1,1,1) and (1 s + gl,1,1,1) could have mere three forms
(1 0,1,1,1), (1 2,1,1,1) and (1 4,1,1,1). Smce the contribution of the last vertex
(1 4,1,1,1) under the action of volume operator V does not exist, so we need only to
compute the recoupling matrices with respect to vertices (1, 2,1,1,1) and (1, 0,1,1,1).
For the vertex (T, 2,1,1,1), its graph is

. J (41)

5.1 Matrix Elements of Recoupling Matrix W[%];‘*]I_zi}

Because the duple color of the virtual edges iziz in (41) may be 10, 12 and 32, em-
ploying (34) through calculation, the following recoupling matrix elements are ob-
tained:

A1AgA 1Ay 2
W[m] = (=D
10 6(1,2, 1H)0(1,1,06(0, 1, HO(1,2, HH(1,1,0)0(0, 1, 1)
111 0 0 1
Tet|:2 2 2:|Tet|:l 1 2] 1 1 0
2 5 > 1 1 0%=0,
01.2.1) 00,200 |, 5 5
Wi VAAAR,
12310 ™ 10(1,2, DA(1,1,2)0(1, 1,0)|
11 1 0 2 1
Tet[2 > 2]Tet[1 1 2} i 1 1 2
2 -D*l1 1 0
6(1,2,1) 6(2,2,0) s 2 o

2
= 2.3,
3\/—
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w2 _ VATAGAZA,
1230 ™ 19(1,2, DO(1, 1,0)0(1, 2, 3)|
31 1 0 2 1
Tet|:2 ) 2:|Tet|:1 1 2] ; 3 1 2
D*{1 1 0
6(1,2,3) 6(2,2,0) 9 9
G
=-,
Wi  _ VAN AL A
123027 191, 2, DO(1, 1,2)6(1, 1, 0)|
1 1 1 2 0 1
Tet[2 5 2]Tet[1 1 2} ) 1 1 0
2 (—1) 1 1 2
6(1,2,1) 6(0,2,2) 7 9 9o
2
=243,
3f
le _ VAIAZAIAZ
U212 7 19(1,2, DO(1,1,2)0(2, 1, 1)
1 1 1 2 2 1
Tet|:2 2 21|Tet|:1 1 2:| ; 1 1 2
-D*{1 1 2
6(1,2,1) 6(2,2,2) )
:0’
w2 _ VAZALATA,
12302 ™ 191, 1,2)0(1, 1,2)6(1, 2, 3)|
31 1 2 2 1
Tet[2 ) 2]Tet[1 1 2:| 3 1 2 ;
1 1 24D
0(1,2,3) 0(2,2,2) 5 5 7
V2
=-=
Wi _ VATAGAZA,
122 7 109(1,1,2)0(1, 1,000(1, 2, 3)|
1 3 1 2 0 1
Tet|:2 ) 2:|Tet|:1 1 2] , 1 1 0
x 2 =D*{3 1 2
6@3,2,1) 6(0,2,2) 9 9
V6
==,
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Wi _ VATALAZA,
12352 7 16 (1,1,2)0(1, 1,2)6(1, 2, 3)|
1 3 1 2 2 1
Tet[2 ) 2]Tet[1 1 2:| ) 1 1 2
-3 1 2
0@3,2,1) 6(12,2,2) 7 0 2
V2
=
w2 _ VA3ZA AN,
1235 701, 2,3)0(1,2,3)0(1, 1,2)]
3 3 1 2 2 1
Tet|:2 2 2:|Tet|:l 1 2] ; 3 1 2
x 2 -D*13 1 2
0(3,2,3) 0(2,2,2) 2 9o
=0.
Hence the corresponding recoupling matrix may be written as
10 12 32
Waizso Winasio Winasig 0 3 _
kok
Wi, = | Wil Wi Wi, | =] —3v3 0 V22| (42
10 12 32
Wiias, Wiz, Witasg, V6/6 V22 0

5.2 Matrix Elements of Other Recoupling Matrices

On a similar plan to obtaining the result (42), the other recoupling matrices may be got:

i W[llgzu 10 W[11224] 10 W[31224] 10 i 0 %ﬁ - %

W[klzZIf]im = W[11%4112 Wl11224112 Wl31224J12 =~ %ﬁ 0 - 4 ’ “43)
L W[11%4]32 W[11224]32 W[31224]32 4 L % %E 0
i W[12%4JI() W[12234]1() W[32234J10 ] [0 - 4 0

B, = | Wit Wi, Wi, (=12 0 0, @9

| Wisay, e, Waar, | LO 00
i W[11%4] 10 W[11234]10 W[31234]|o ] i 0 - % ‘/5 - %

Wi = | Wilbano Wika, Wik | =] 3v3 0 0 (45)
L W[II%4]32 W[11234]32 W[31234]3z i - % 0 0

5.3 Summary

For the 5-valent vertex (1,2, 1,1, 1) under the action of volume operator v, collecting the
results (42—45) the four recoupling matrices may be given in the Table 1.
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Table 1 Recoupling matrices for
vertex (1,2,1,1,1)

Element Matrix
Wi123) W24 Wi234 W34

10 0 0 0 0
10
12 i3 V3 V32 -3v3
10
3 B —J6/6 0 —V6/3
10

2 2 2
10 -3V3 —34/3 V3/2 3V3
12
12 0 0 0 0
12
32 —V2/2 —V2/2 0 0
12
10 V6/6 V6/6 0 V6/3
32
12 V2/2 V2/2 0 0
32
32 0 0 0 0
32

6 Recoupling Matrix Elements for 5-Valent Vertex (i, 0,1,1,1)

The vertex graph for the vertex is

(46)

the duple virtual color i»i3 has two combination values of 10 and 12, a similar computation

gives the results as follows:

kiky
[123];,1,

kok3
[124]i5i5

kak3
[134]i5i5

kak3
23413,

@ Springer

B 10 12
W1123J10 Wl123J10
10 12
L Wiiaa, Wina,
B 10 12 n
Wiiaay, Wiz,
10 12
L Wizay, Wiz, |
B 10 12 T
W[134]10 W[l34]10

10 12
L W[134112 W[l34]12 4

B 10 12 N
Wi2aay,0 Wizaa,

10 12
| Wizzay,, Wiz, |

o 1)

o] (48)

o] (49)
% 5| s0)
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Table 2 Recoupling matrices for

vertex (i, 0.1,1.1) Element Matrix
W23 Wii24) Wi234) W34
10 0 0 0 0
10
12 0 0 V3/2 0
10
10 0 0 —/3/2 0
12
12 0 0 0 0
12

The four recoupling matrices with respect to the vertex (i, 0,1, 1, 1) may be also got from
(47-50) (Table 2).

7 Matrix Elements of Expectation Values of Volume Operator V and Normalization
Factors

Putting the matrix elements given in Table 1 into the formula (22), the expectation value
matrix elements of operator V on the vertex (1,2, 1, 1, 1) shall be got:

/s /2
Vlloo V1102 V1302 0 E‘/g 5\/6
J2
0

kok (hk)3/?
Vi = Vi2 Vii Vid |=—5—|/3¥3 0 (51)

V3120 V3]22 V3322 \/ %JE J2
For the vertex (i, 0, 1, 1, 1), the matrix elements of operator 1% may be similarly obtained:

i _ (2| 0\

i2i3‘:T . (52)
B
2

Recalling the formula (30) for the vertex (i, 2,1,1, 1), the following normalization fac-
tors are computed:

J=6 J=2 -
N10=T» le:T’ N32=\/_T- (53)

For vertex (i, 0,1,1,1), they are

1 \/§
Nijg= -, Npp=—. 54
10=73 12 3 54

8 Expectation Values of Metric Matrix Diagonal Component Operators

We first compute the expectation value of the metric component “00” (¢ = g = 0). In the
eigenequation (8a), since k = 0, we have m = 0, so the metric component may be simply

@ Springer



1682 Int J Theor Phys (2008) 47: 1663-1691

written as

M (S, So) = (W DD n(l)ygm( )<1>

g=%1 st g=*l

x(_N”Vfé
10
s 1 14g¢ 1 5 |s+gl

Tet|:1 1 > ]Tet|:1 1 2 5

x A0Gs, 1,2) ’

o N VIoN .
)(1,1+q,1,1,1)( 11(\)]”>(1,|s+g|,1,1,1)

st

here, from the compatibility condition satisfied by 3-valent vertex, we know that s = 1 or 3.
When s = 1, then t = 0 or 2; when s = 3, r = 2. Expending (55) with Zq:ﬂ and )
we have

g=%1°

8 Ny Vst R
M(So. $0) = = G Yo | vy (TO‘O) (1,2,1,1,1)
s,

s 1 2 1 s |s+1|
Tet Tet
NV, - [1 1 2] [1 12 }
x 5t (1 ls 411, 1,1, 1)

Ny A0(s, 1,2)

Ny VI

Nstle(; 2
+y+(1)y_(s)N—(1,2,1,1,1) a, [s—1[,1,1,1)
10

st

s 1 2 1 5 |s—1]
Tet|:1 | 2]Tet[l 1 5 ]
X

A0(s, 1,2)

+y-(My+(s)

s 1 0
Tet[1 1 2i|

NV, 10 NypV,\°
]0,1,1,] st 1 1,1,1,1
“ N ¢ e N TCE )
s Js+1 No Vil -
xTet|:] LS ]+y_<1>y_<s>N—w<1,o,1,1,1)
s 1 0 1 s |s—1|
NV Tet[l I 2}“’{1 12 ]
Mol s~ 11,1, . 56)
Ny, A0(s1,2)

Let the four terms in the brackets of (56) be A, B, C, D respectively, gnd introducing
t}}e normalization factors and the volume matrix elements used to vertices (1,2, 1,1, 1) and
(1,0, 1, 1, 1) into them, the following results are obtained:

NV NV
A=y (Dy()—10 1,2, 1,1, )01, 2,1,1, 1)
Nio N

10
1 1 2 1 1 2
Tet[l : Z]Tm[l : ZL Oy M2V G5 11
X A6(1,1,2) e
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11 2] 11 2
NV Tet[l 1 2}“’{1 1 2]
x d.2.1,1.1)

Dy, (3
N INCERI) + Y+ (Dy+(3)
31 2 1 3 4
Tet Tet
NV [1 1 2} [1 1 2}
270072, 1,1,1) NV, 32(1 4,1,1,1)
Nio N3 A6(3,1,2)
V=2 32 32 3
Y22 (hk)3 V=6/6 (hk)* I3
L) f 6/6 (i) ‘/ YA 3 g
@ 4 J=2/3 4 (=2)32
15
:——\/_(hk)
256
B = ye (s ()M ¢ 5 11, 1y MO0 o 1,
10
11 2 110
Tet[l 1 2}“’{1 1 2]+ 0 (1)N12V1102(12111)
X AM6(11,2) PRI,
11 2 110
L MoV (10111)Tet[1 I 2]“{1 1 2}+ &)
Ni» o A6 1,2) Y)Y~
31 2 13 2
| NaVi? Tet[l I 2}“’*[1 1 2]

1,2,1,1,1 1032 1,2,1,1,1
Nuo ( )——=( ) AGG.12)

f (hk)3/2 5./3 1 (hk) 3/2 3
(Y EEERE S ()
2 J—_ 6/6 ﬁ/3 (-2)3 4
36 P 16
V—6/6 V=172 (=2)(=4%)

J_ 164/6
256

X

()",

N VIO R N VIO .
C=y Wy, (H—2101,0,1,1, H—>10(1,2,1,1,1)
Ny N

10

11 0. [t 12

Tet|:] : 2]Tet|:1 I 2]
x A0 1,2)

110l 112
NV Tet[l I 2}“”[1 1 2]
x —=(1,2,1,1, 1)

Ni» A6(1,1,2)

N V12 R
+y Wy (Hh—=121,0,1,1,1)
Nio

+y-(My+3)
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Tetl 3 4

N32V1302 ~ N10V3120 ~ 31 0 11 2

—(1,0,1,1,1)——=(1,4,1, 1, 1) Tet _— =

N "N T 1 2 TaeG 1)

f(mm / f(ﬁsz /s[ 33 .

+
2 4 v-2/3 (=2)3
34/15

_256()

1684

=O—

N VIO R N VIO R
D=y (Hy-(1)—2191,0,1,1, ) —>10(1,0,1,1,1)
Nio Nio

110 110
Tet[] 1 2]Tet[1 1 2} e (1)N12V1102(i 01D
x A1 1,2) UV,

1 10 1 10
Tet|:1 | Z]Tet[l 1 2]

A10(1,1,2)

310 1 3 2
Tet|:l 1 2]Tet|:1 1 2]

A6(3,1,2)

N10V12

12

+y-(My-3)

d,0,1,1,1)

N%Z 10

Nio

3/2 3/2
_0+< 1)( 1)f<hk> /fl(hk) 2 3.3

2 2 I ﬁ3(2)3

2

d,0,1,1,1) NioV. *2(1 2,1,1,1)

3V3
- —ﬁ(hk)

Taking the values of A, B, C, D into (56), the expectation value for “00” metric compo-

nent is

M(So. So) = — — [_1sﬁ+3m_16¢5+3m_3\/§}hk

(hk)? 256
= 1.473%k. (57)

For the other metric matrix diagonal components similar calculations load to the results:

M(sy, s1) = 0.250hk, M(sy, s2) = 1.473hk, M((s3, s3) = 0.250hk.

9 Expectation Values of Metric Matrix Off-Diagonal Component Operators

As an example, we first give the computation of expectation value for metric component
“01”. From (16), the expression of this metric component is

iV
M (so,51) = (hk)z > qu(pm(p)( )( ){ ' k”k (1.p+4.p.p. p)

g=*1g==£1 1t p
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X(Zﬁ 2 }(Np'"v’frrn)(i,ﬁg,p,p,p))

(2l 5 AR ennn)

2O A S TAR D 3 [N

N VI .
x <pN—”l>(1,p+g,p,p,p)>}
pl

Tet[Z p p+q}Tet[p p p+q]

11 2 11 2
02,2, p)0(p,2, p)

X

(58)

Let the two terms in (58) be M,y and M, respectively. Then for M, expending it with
> y—s1and 30 ., we have

10
NipV)e

8 Ny Vi - 11 r
MIO_WZ V+(1)V+(1)N—10(172’]’1’1) Z 1 1 ¢

1 1 2 1 1 2
Tet|:1 1 2i|Tet|:1 1 2]

0(1,1,2)6(1,1,2)

d,2,1,1, 1))

pr

N Vlt R
+ ﬂ(l)%(l)%(l, 2,1,1,1)
10

112 110
I LN/ T“[l 1 2]Tet[1 1 2]
(22 IR ) 0(1,1,2)0(1, 1,2)

r

N, Vi = 1 1 r]NoV, p,
+y-Wye (D=2 1,01, 1, 1) 201 1 A2

t I)r
1 1 0 1 1 2
T eaoeary T rWrmg mE0LL

r

Terl 11 O/t 1O
1 1 r)NV%D9 ., 1 1 2 1 1 2
x (Z{ . }N—’(1,0,1,1,1)>

pr 6(1,1,2)6(1,1,2)

(59)

Denote the four terms in the brackets of (59) as E, F, G, H respectively, because the color
t may only be taken as O or 2 in this case, and for every value of ¢ the color » may be O or 2,
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after some calculation, the following results are got:

_ NpVE . 112
E—V+(1)V+(1)N—m(1,2,1,1,1) 1 1 2

11 27,1 1 2
LMoV G 11)T"t[1 1 2}“”[1 1 2]
Nz ’ 0(1,1,2)0(1,1,2)
5v3

ﬁ(hk)

B NV » 11 2
F=y,(1)y_(1) Mg L2 LLDy | 3

1 1 2 1 1 2
N10V12(10111)Tt|:1 1 2]““[1 1 2]
Nis T 0(1,1,2)6(1,1,2)
2~/

— 3
512 S M0

B NpVig » 11 2
G=y-WyM=— A0 LL Dy 5

110 11 2
Tet Tet
N e [1 1 2} [1 1 2}
2072 1201,1,1)
Np 0(1,1,2)0(1, 1,2)

23/15
T 512 (hk)’,

_ NpVi§ - 11 2
H—y_(l)y_(l)N—m(l,O,l,l,l) 11 2

11 0] [1 10
NV Tt[l I 2}%‘[1 1 2]
x 2002 0,1,1,1)
N 6(1,1,2)6(1,1,2)

53
ﬁ(fzk)

Putting E, F, G, H into (59), we have Mo =0.083"k.
For My, out of same argument, we have

NuVy/

o=%l 1 u
11 ¢ 117 11 r
X(Z;{1 1 r}Z{1 1 r}z{l 1 r’}
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112
NmV,,'?(ilel)) L2

0(1,2,1)6(1, 1,2)

pr

NuV
+V+(1)7/7(1)<Z{i | f)}( ;v” d.2,1,1, 1)))

!

(=t Tz s

112
Tet[llz] [11

0(1,2,1) 0(1,1,2)

10
NigV X
X —_—

d,0,1,1, 1))

pr

NV,
+y_(1))/+(1)<2{} 1 lo} ;v v do, 1,1, 1))

l

1 1 ¢ 1 1 7 1 1 r
XZ;{I 1 ¢ }Z{l 1 r”}Z{1 1 r/}

r

s 10l [1 12
NV Tet[l I 2]Tet[1 I 2}
00 {2, 1,1, 1)

Np, 6(1,1,2)6(1,1,2)

NV
sraro(Sf] ] o] MVl 0.1,1.1)

l

J03 N HR R S P

r r’

1 10 1 10
NoVal Tet[l 1 2}“’{1 1 2]
4,0.1.L 1) 0(1,1,2)6(1,1,2)

(60)

pr

Let the four terms in the brackets of above expression be E’, F’, G’, H', after similar calcu-
lation as M, the results are

I LR (R ER I E
XNLI‘:'IZO(LZ,I,I,IH- i } 8 } i (2) } i ;
XN;VO—ZIIZO(i,z,l,Ll)Jr i 1 g i } 2 1 } (2)

N;\‘;]12(12111)+}}§ }i; ii;
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1 0 N12V|0
{ 10} N a,2,1,1,1)

R
S (T (R

0
0
R IR
NipV,© 11 2
x —20712 ]2 1,1, 1)

Nip 9(1,1,2)9(1,1,2)

104/3
=S L2,

[STE0%

MY 2.
10 '2(12111))2
Ny

(el

u)

\S R )

F,=V+(1)7/7(1){}1
110

“\11 1 0
L1 21(1 1 o)1 1 2
111 0f]1 1 2(]1 1 0

2
0
112] [ }
NV 11 2
21072 1 0,1,1,1)

N 9(1,1,2)9(1,1,2)
1 1 0)(1 1 0)[1 1 2
Nio 1 1 211 1 0f)1 1 o0
N 11 0)(1 1 11 2 N 11 2)(1 1 01 1 2
11 2(]1 1 11 2 11 211 1 2}t 10
11 2)[1 1 1 2 1\ Ny
Aol e )RR

2
1 1 2 1 1 0
Tet[1 1 2]Tet[l | 2:|

0(1,1,2)6(1, 1,2)

3 Y
ol 2l el

1 10
+y+(1)y_(1){1 | 0}

112+11
1 10 11

N V12 R
x &(1,2,1,1,1)<

SN —,—

[N )
—_

256
, 1 1 2] NoVy » NV
G =y_( 1 10,1,11 12,1,11
y-(Dys( ){1 | 0} » ( )———— Ny ( )

110 11 2
XTet[l 1 Q]Tet[l 1 2]+ Dy (l) 1 1 0NV - NeVid 4011
0(1,1,2)0(1, 1,2) Y={DY+ 11 0 Ny
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1 1 0 1 1 2
ANV Tet[l i 2]Tet[1 1 2]
002 121,1,1)
8 Ni» 0(1,1,2)0(1,1,2)
=——(hk)
256
- 11 2] NV NV}
H_y,(l)y,(l){l X 0} v L0 L L D=L 011
TetllOTetllo
L1z L1z e B 010111)
x 0(1,1,2) 0(1,1,2) +y-My-() 1 1 (
1 1 0 1 10
4 NV Tet[l 1 2]Tet[1 1 2]
x ——2712. (] 0,1,1,1)
N1 0(1,1,2)0(1,1,2)
Ne
—hk
256( s
Sum up the values of E’, F’, G’ and H’, we obtain the value of My, as My; =0.083%k.
Combine the values of M,y and My, the final result is
M(S(),S]) = M10+M0] =0.165hk. (61)

For the expectation values of other metric matrix off-diagonal components we directly

give them as follows:

M ((so, 52) = 0.330hk, M ((so, s3) = 0.165hk, M(sy, s2) =0.165hk,

M(sy, s3) = —0.165hk, M sz, 53) =0.165hk.

10 Spin-Geometry of Gaussian Weave State

Employing the obtained expectation value of metric operator with respect to the vertex ¢y
carried on basis state ¥, framing the Gauss weave state at vertex v, we now approach the
spin-geometry of the weave state. According to the Penrose spin theorem [6], the angles
between tangent directions of the phase configurations of edges adjacent to the vertex v are

defined as

0(5q> 55) = €08~ (M (54, 55) /v M (Sa» Sa)/ M (55, 55)).

10.1 Caseof k=1

(62)

Collecting the expectation values of metric component operators above obtained in the case

of k =0, the metric matrix is

1473 0.165 0.330 0.165
0.165 0.250 0.165 —0.165
0.330 0.165 1.473 0.165
0.165 —0.165 0.165 0.250

M(sq, sp) = Ik

(63)
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Introducing the corresponding values from (63) into (62), the angles are

0(so, 1) =cos™10.274 = 74.12°, 0(sg, 52) = cos~' 0.224 = 77.05°,
0(s0, 83) = cos~10.274 = 74.12°, 0(sy,$2) =cos~'0.274 = 74.12°,
0(sy, s3) = cos~ (—0.656) = 130.99°, 0(s2, 53) = cos~'0.274 = 74.12°.

The values of length of tangent vectors at v can be computed as
IS0l = 1.214(Rk)"/2, 511 = 0.5(hk)'"?, I$2] = 1.214(Rk)"2, 53] = 0.5(hk)'/?

and an average length of the tangent vectors may be used to assign a distance between
vertices:

i Z VM(sy, s4) = 0.875(hk)"/>.

For Gaussian weave state W, in order to avoid contribution from higher color of edge,
Gaussian width is usually taken as A = 3/4. In this case, the coefficients C,, of higher color
more than p = 3 are negligible, and a peak is centered at the fundamental representation
(p=1) of su(2).

10.2 Case of k =2

Continue the above calculation for the case of k = 2, the following results are obtained:
the metric matrix of expectation value of operator M (sq, sg) is

1.309 0 0.330 0
0 1.642 0 0.165
0.330 0 1.309 0 ’
0 0.165 0 1.642

M(sq, sp) = Ik

the angles between the tangent direction of phase configurations of edges are

0(s0, 51) =cos~' 0=90°, 0(so, $2) = cos 1 0.165 = 80.5°,
0(s0, s3) = cos~' 0 =90°, 0(sy,52) =cos~'0=90°,
0(s1,s3) =cos~10.101 = 84.2°, 0(s2, s3) = cos™1 0 =90°,

the values of length of tangent vectors at vertex v are

|So] = 1.144(hk)"/?, 1S:] = 1.281(Fk)"/?,
|S,| = 1.144(hk)"/?, |S5] = 1.281(7k)"/?

and the average length of the tangent vectors is
1
J D VM (sa, s0) = 1.213(hk) .

The results above calculated about the metric matrix, angles between tangent directions,
and the lengths of tangent vectors are all symmetric under the index change 0 <> 2, 1 <> 3.
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It is found that the diagonal elements of metric matrix are surely positive definite, and the
lengths of the tangent vectors at v are positive. The expectation value of the metric operator
with respect to the Gauss weave state may well determine the scale of the state. This issue
relevant to spin-geometry may be used to investigate the weaving of space, which describes
a semi-classical picture in loop gravity, further.
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